We propose a new conformal supergravity model with direct relevance to string/gauge theory dualities. This biconformal supergravity theory is formulated with a Yang-Mills type action. The resulting 8-dim symplectic geometries describe 4-dim scale-invariant general relativity. We then show an extension of N = 4 SUSY Yang-Mills to a curved biconformal geometry such that the extended form of the YangMills fields provides the curvatures for the biconformal space. These curvatures solve the biconformal field equations whenever the original 4-dim fields satisfy the 4-dim YM theory. This gives a 1-1 mapping between the gravity and gauge theories. We also display systematic extension of any spacetime co-tangent bundle to a biconformal space, and extension of any 4-dim Yang-Mills theory to an equivalent theory on that space.
Introduction
Beginning with Maldacena's remarkable conjecture in 1998 [1] , research in string and M-theory has been dominated by investigations into the relationships between string theories on particular background spaces and gauge theories in lower dimensions. A striking aspect of this proposed identification is that a theory with gravity is believed to be dual to a theory without gravity. While much attention has focused on the possible route to non-perturbative string theory, the gravitational/gauge theory relationship described in the AdS/CFT conjecture is important in a broader context. In this work, we directly examine the relationship between Yang-Mills and certain gravity theories, specifically, the relationship between SU(2, 2|N) Yang-Mills theory and SU(2, 2|N) gravitational gauge theory. We show that a class of solutions for a biconformal supergravity theory is determined by solutions of N = 4 SUSY Yang-Mills theory on 4-dim Minkowski space.
The Maldacena (AdS/CFT) conjecture states the possible equivalence of type IIB string theory on an anti-de Sitter manifold, AdS 5 × S 5 , with N = 4 super Yang Mills theory [1] . The symmetry group of this Yang Mills theory is known to be the superconformal group (SU(2, 2|N)) [2] , which is also the isometry group of the manifold AdS 5 × S 5 . It is this conformal symmetry that gives rise to the CFT in the AdS/CFT conjecture. In its original form, Maldacena's conjecture is particularly tantalizing since it claims an exact equivalence between the type IIB string on a background and a well known gauge theory. As a result, it suggests a way to define the full string theory non-perturbatively [3] - [8] . Because of the presence of conformal symmetry, the corresponding IIB string theory could have a low-energy relationship to a conformal supergravity theory. Based on this idea, [9] formulated a corresponding class of biconformal supergravity theories, which will be utilized and extended here.
Recent work in the field of twistor-string theories has provided yet another arena for string theory, conformal supergravity, and Yang-Mills theory to interact. In the first paper on this topic [10] , Witten demonstrated an equivalence between the perturbative expansion of N = 4 super Yang-Mills theory and the D-instanton expansion of a B-type topological string theory whose target space is the Calabi-Yau supermanifold CP 3|4 (a supersymmetric version of twistor space [11] ). In a flurry of recent work [12] - [20] , these ideas have been extended to provide a powerful new computational tool for perturbative QCD, dramatically simplifying the difficulty of computing tree-level and one-loop MHV diagrams [21] , [22] . In addition, research in twistor-string theory has extended into such topics as topological string dualities [23] and mirror symmetry [24] , [25] , [26] . Conformal supergravity and super YangMills theory appear in twistor-string theory in a similar way. In [10] , Witten notes that while the B-type topological string on CP 3|4 can be related to N = 4 SUSY Yang Mills perturbatively, the closed string sector was hypoth-esized to give rise to some version of N = 4 conformal supergravity. This was further taken up by Berkovits and Witten in [27] . Current understanding shows that conformal supergravity arises in present formulations of twistorstring theory either via closed strings or via gauge-singlet open strings. Since the conformal group is not only the symmetry group of the super Yang-Mills theory, but also the defining symmetry of the twistor formulation itself, [28] conformal symmetry in twistor-string theory is built into every aspect of the formalism and as a result, any form of supergravity that appears must be conformal supergravity. In view of this, it is natural to ask, is there any link between the target Yang-Mills and conformal supergravity theories of the twistor-string model? Further, is there a possible relationship between the open and closed string identifications? In this paper we investigate a question central to string/gauge theory dualities: is there a fundamental connection between SUSY Yang-Mills and conformal supergravity?
At first glance, any connection between conformal supergravity and either string theory or Yang-Mills theory would seem unlikely. Conformal supergravity is known to be flawed in standard formulations [10] , [29] . The most important of these flaws arises from the fact that standard conformal supergravity theories lead to 4th order differential equations for fluctuations of the metric. As a result, negative-norm states (ghosts) are introduced into the model. Any model containing such states is manifestly non-unitary and thus, physically unrealistic. In addition, the presence of ghosts in conformal field theories is an obstacle to forming dualities. Since string theory is known to be ghost-free, any identification (or low energy limit) of a string model with a conformal field theory faces immediate difficulties (Yang-Mills theory is also known to be ghost free). Berkovits and Witten [27] have further shown that the states of N = 4 SUSY Yang-Mills theory do not coincide with those of conformal supergravity in the standard conformal gauging (i.e. local symmetry
). Finally, another difficulty arises when considering the finiteness of the respective quantum field theories. Because N = 4 super Yang Mills in 4-dim is essentially the only known finite quantum field theory [30] , it is consistent to posit dualities between Yang Mills and string theories, since string theory is believed to be finite. However, no such guarantee is present for dualities involving conformal supergravity. We will return to this list of difficulties later in this paper, as we demonstrate that there is a new class of conformal supergravity theories which may be free of these flaws.
In the following section we discuss our notation and the definitions of the relevant field theories. In particular, we review the definitions of Yang-Mills theories and Yang-Mills theories coupled to gravity. We finally define a new class of models, called Yang-Mills gravity theories which are distinct from both of the theories listed above. In Section 2 we explicitly present a new class of supergravity models, biconformal Yang-Mills gravity theories. Developing these models in Section 3, we demonstrate that biconformal Yang-Mills gravity theories reproduce general relativity on a 4-dim submanifold of an 8-dim space. Further, we show that the field equations can be simultaneously identified with a N = 4 SUSY Yang-Mills theory on a flat spacetime. Thus, a correspondence is established between a conformal supergravity theory and a standard Yang-Mills gauge theory. Finally, we review the results of this work and state several conjectures for the structure of biconformal Yang-Mills supergravity theories.
Definitions and Notation
We begin with some definitions. Although common usage often restricts Yang-Mills theories to unitary symmetry, we define Yang-Mills theory [31] to be a functional of the form
where F A is the curvature 2-form of a principal fiber bundle with (arbitrary) Lie fiber group, G, and K AB is the Killing metric (here A, B are group indices). The curvatures are related to a connection (or potential), A A , on the bundle by the Cartan structure equations,
where the c A BC are the structure constants of the group G. The integral is over a given fixed background manifold. The symmetry is said to be internal if there is no coupling between the Yang-Mills connection and the connection on the background manifold. Standard examples include the U (1) gauge theory of electromagnetism, the SU (2) × U (1) electroweak theory, or the standard model [32] . The theory is a pure Yang-Mills theory if there is no curvature of the background space. Then the action takes the form (in n-dim),
where α, β = 1...n. If the background spacetime is curved, then the theory is a Yang-Mills theory coupled to gravity. To accomplish this, we introduce a general metric, g αβ and a volume form |g|d n x, where g = det (g αβ ) . In this case, the gravity action is added to S Y M ,
Variation of the metric then leads to n-dim general relativity with the energymomentum tensor associated with F a αβ as source. The Yang-Mills field F a αβ evolves in the curved background described by g αβ . (Note that the Hodge dual automatically brings in couplings to the curved metric). Before we define Yang-Mills gravity, we require a digression to characterize gravitational gauge theories. Despite our very general definition of Yang-Mills gauge theory, there are other types of gauge theory. One simple variation is to choose any other group invariant action to replace the YangMills action. But there is a deeper difference that arises when we consider a gravitational gauge theory. Suppose we select the Poincaré group as our symmetry group. In this case, one of the potentials of the Yang-Mills field, the gauge field of translations, A a = e a = dx α e a α , called the solder form, also describes the space in which the force acts via the relation
where η ab is the Minkowski metric [33] . The identification of the solder form e a as basis forms for the cotangent space ("soldering") breaks translational invariance. The degrees of freedom associated with translations are not lost, however, but reappear as general coordinate invariance. This means that the final spacetime does not have full Poincaré invariance, rather, the local symmetry is Lorentz only.
One drawback of this "soldering" approach to gravitational gauge theory is the redundancy of introducing both a 10-dim symmetry group and a separate 4-dim background space, and then identifying four of the dimensions of the symmetry group with those of the background space. It is tempting to think that the introduction of an independent background space might be avoided. This hope is realized by the group quotient or group manifold method [34] , [35] , [36] , in which the local symmetry and the manifold are simultaneously constructed from an enveloping symmetry. For the Poincaré example, we may construct the base manifold by taking the quotient of the Poincaré group by the Lorentz group. The result is a principal fiber bundle with Lorentz fibers over a 4-dim (or n-dim) manifold. The Cartan connection on this manifold is generalized by introducing horizontal curvature 2-forms into the Maurer-Cartan equations. This procedure gives not only local Lorentz symmetry as developed by Utiyama [37] , but also the solder form as employed by Kibble [33] , without the separate introduction of a background space. The model always retains the overall dimension of the original group, with the dimensions partitioned between the local symmetry and the manifold. One can then write an action using the curvatures, solder form and invariant tensors in a way respecting the remaining local Lorentz symmetry. One advantage of these group-theoretic methods is that the fields are determined by the symmetry. This leaves a great deal of freedom in choosing the action, and suggests a way to write a theory that simultaneously looks like Yang-Mills and gravity.
We now define Yang-Mills gravity theory to be a Yang-Mills theory with a symmetry group containing the Poincaré group (Poincaré, Weyl, conformal, their covering groups, and their supersymmetric extensions) together with a Yang-Mills action
where e = |g|. In light of the preceeding paragraphs, we avoid introducing a separate background geometry. Thus, the metric tensor, g αβ is constructed from translational gauge fields, e Σ , Σ = 1, . . . , n, according to eq.(2.5). As a result, some of the original symmetry is broken, with the corresponding transformations replaced by diffeomorphisms. The field equations differ from a pure Yang-Mills theory, while at the same time differing from general relativity. In particular, the field equations arising from variation of the translational gauge fields will be of the form
where the derivative is covariant with respect to the remaining local symmetry and general coordinate transformations. The appearance of an energymomentum tensor, T Σ β , which makes the theory differ from pure Yang Mills, is due to the variation of the metric terms, g αµ g βν e. At the same time, the derivative of curvature on the left gives a non-standard gravity theory. Note that the difference between eq.(2.6) and the pure Yang-Mills theory of eq.(2.3) lies in the dual. Because the solder form that determines the volume form is one of the gauge fields, the dual introduces non-Yang-Mills coupling, g αµ g βν e. In addition to the difficulty reproducing either pure Yang-Mills or standard gravity, the quantum properties of a generic Yang-Mills gravity theory are expected to suffer the same problems as the corresponding gravity theories. Because of the gravitational sector of the theory there may be difficulties with finiteness or renormalization, while the higher-order field equation may lead to a lack of unitarity (ghosts). Indeed, most Yang-Mills gravity theories are unsatisfactory. The Poincaré group encounters an immediate problem with its lack of a Killing metric, in addition to the problems already mentioned. Writing the action using the degenerate Killing form leads to vanishing of the energy-momentum tensor constructed from the Riemannian curvature (i.e., R ISO(3,1)×R + lead to higher order field equations and non-Yang-Mills couplings. However, as we shall argue below, there exists a Yang-Mills gravity theory with surprising properties which may overcome these difficulties.
Biconformal gauging of SU(2, 2) (or its supergroup) is unique in solving some or all of these problems. By taking the quotient of the conformal group by the homogeneous homothetic group (Lorentz plus dilatations) instead of the inhomogeneous homothetic group (Poincaré plus dilatations), biconformal gauging produces a symplectic base manifold with local Lorentz and dilatational symmetry. The symplectic manifold has a natural, dimensionless volume element which may be written without using the gauge fields. Moreover, the reduction of local symmetry reduces the conformally-covariant divergence of the Yang-Mills field equation to a Weyl-covariant divergence together with terms algebraic in the curvatures. These algebraic terms can reproduce general relativity in a suitable limit. These improvements are the topic of the remainder of this paper.
Biconformal Yang-Mills Gravity
By biconformal Yang-Mills gravity, we mean a Yang-Mills gravity theory of the conformal group, its covering group or its supersymmetric extension in which the gravitational gauging is accomplished by writing the theory on the 2n-bosonic dimensional quotient manifold of the (super)conformal group by its Lorentz plus dilatational sub-(super)group. These gaugings are described more fully elsewhere [38] , [39] , [9] (and further properties of biconformal space are examined in [40] , [41] ). Since we are interested in inheriting the good quantum behavior of the N = 4, 4-dim SUSY Yang-Mills theory, we treat only the 4-dim case.
Biconformal Yang-Mills gravity makes use of the fact that biconformal spaces have coordinates which are naturally adapted to a symplectic manifold. Half the biconformal coordinates arise from translations, while the other half arise from special conformal transformations (co-translations). Since we may always choose coordinates of these two types, biconformal spaces have almost symplectic structure
The structure is almost symplectic because we are guaranteed these coordinates on each chart of the manifold. The structure may or may not be integrable globally. However, all known classes of biconformal solutions do give rise to a symplectic form. The symplectic form Θ enables us to write the volume form as
Taking the dual relative to this volume form does not introduce spurious gauge fields. For a 2-form
(A, B = 1, . . . , 15) the dual is simply
and the action is of pure Yang-Mills form,
There are no gauge fields in the volume element, Φ, nor is the metric required to form the various contractions. Notice that the coordinate-based, metricfree action does not exclude the possibility of an equivalent orthonormal basis.
It is important for either form of the dual, to recognize that the LeviCivita tensor
is already a tensor, not a tensor density. In spacetime integrals, we require the tensor e µνγδ = |g|ε µνγδ in writing the volume form. But, as indicated above, the full biconformal Levi-Civita tensor reduces to a product of 4-dim Levi-Civita symbols, ε αβρσ ε µνγδ . Each of these forms is separately a tensor density, but since they have opposite weights the product is a tensor without the addition of any metric dependent terms. That is, we see that
Moreover, because of the "doubled" volume form, the components of the dual arising from Ω 
, we also do not require any extra factors involving the gauge fields. In this case, the superspace volume form,
is also metric-free, since the fermionic variables also occur in dimensionally conjugate pairs.
There is also the question of coordinate invariance. How can the action be written without the usual metric determinants, yet still describe diffeomorphism invariant gravity? The answer lies in the symplectic structure. The volume form Φ = (dx α dy α ) 4 is invariant under 8-dim symplectic transformations, and these include general coordinate transformations of the 4-dim configuration space. When we perform the reduction to the configuration space as described above, setting y α = y α x β , we must either introduce a connection or continue to transform y α inversely to x α . The form of this result is suggestive for the quantum theory. Since we write the gravity theory as a Feynman integral over the gauge fields, the only difference between SU (2, 2|4) SUSY Yang-Mills as a quantum gauge theory and
gravity as a quantum gauge theory is the dimension of the base manifold. Notice that, while it is well-known that conformal supergravity theories exist in 4, 6 and 10 but not in 8 dimensions, the 8-dim biconformal theory uses the superconformal group associated with 4-dim spacetime. It still describes 4-dim gravity.
For simplicity and clarity, we restrict attention to the bosonic conformal sector of the symmetry group for the remainder of the paper. There appears to be no obstacle to writing the theory for the full supergroup. In the next section we examine the gravity equations that arise from the Yang-Mills action. Remarkably, they still lead to general relativity for weak, slowly changing fields.
Reduction to general relativity
The field equations for the SU(2, 2) part of the bosonic sector are the usual Yang-Mills field equations,
where the derivatives are conformally covariant with respect to the Latin (group) indices only:
where c
B CD
are the structure constant of the conformal group. Normally, this entire expression comprises a single tensor. However, the biconformal quotient breaks the conformal invariance to Weyl invariance. As a result, the gauge fields of translations ("solder form") and the gauge fields of special conformal transformations ("co-solder form") become tensors. The conformally covariant derivative then reduces to a Weyl covariant derivative plus tensor terms linear in the curvatures. Specifically, we have 
Since the solder and co-solder forms, (ω a = ω aβ dx β +ω β a dy β , ω a = ω a β dx β + ω aβ dy β ) are tensors, each field equation has an algebraic piece in addition to the usual divergence terms of a Yang-Mills theory.
In torsion-free biconformal spaces, the second equation becomes purely algebraic:
This equation is the biconformal equivalent of the Einstein equation. In biconformal spaces with actions linear in the curvature, torsion-free solutions are known to descend to general relativity on a submanifold [38] , [39] . Whether the torsion vanishes or not, there is a range of solutions to these equations when the Weyl-covariant derivative of the curvatures is small. In this regime, the field equations reduce to the algebraic, curvature-linear equations of familiar gravity theories. For example, consider a solution which reduces under suitable conditions to the Schwarzschild solution. Choosing a local frame in which the connection vanishes, the curvatures are inversely proportional to the square of the radial coordinate, while the derivatives of the curvatures vary as the inverse cube of the radial coordinate. Since the only relevant constant with units of length is the Schwarzschild radius, the condition for the derivative terms to be larger than the curvature terms must be 1 r 3 1 r 0 r 2 or simply r r 0
It is therefore only within the horizon that the solutions differ significantly from a solution to the algebraic equations.
In any region where we may neglect derivatives of the curvature, the field equations reduce to:
These equations are satisfied by the known torsion-free solutions, which describe general relativity on a 4-dim submanifold.
U(1) Yang Mills in biconformal space
We will now pause in our development of a gravity theory to consider the structure of a non-gravitational gauge theory on biconformal space. In particular, in this section we will show that any 4-dim Yang-Mills theory can be consistently written in biconformal space. We establish an invertible map between the 4-dim and 8-dim theories and show that the 8-dim field equations are satisfied if and only if the 4-dim equations are satisfied. We provide the construction here in detail for U (1). The non-Abelian case is discussed in the Appendix.
Suppose we have a U(1) gauge theory in 4-dim, with structure equation, field equation and conservation law, given by
We wish to extend this to biconformal space. First, we show that the cotangent bundle extends to a biconformal space. Let (x a , y b ) be coordinates on the bundle, which we treat as an 8-dim manifold. Extend the bundle by 7-dim fibers, with each fiber isomorphic to the spacetime homothetic group. We may then define a connection on the resulting 15-dim bundle,
The connection satisfies the Maurer-Cartan structure equations for the conformal group,
Because the bundle is homothetic over an 8-dim base manifold, it is a biconformal space.
Next we extend the field theory to the biconformal space. Let
It follows that
Now from the original 4-dim Yang-Mills theory we have
and it follows that * d
Since the right-hand side is constructed purely from the 4-dim current, we may define
to write the 8-dim biconformal equation
This completes the biconformal equations governing A, F and J . Conservation of J follows from * d * * d * = 0, but is dependent upon the conservation of the original 4-current, since direct calculation shows that
It is now immediate that for any biconformal current of the form J = 
Then we need only the ansatz A = A + 1 2 F ab y a dy b to find that the field equation takes the form
Equating the coefficients of dy b gives
with the remaining coefficients of dx c matching identically. This completes the proof.
We have shown that the co-tangent bundle of Minkowski space extends to a biconformal bundle, and that any Yang-Mills theory on 4-dim Minkowski space correspondingly extends to an equivalent field theory on a biconformal space (see the Appendix for the general case). This result is important for establishing that a Yang-Mills theory in biconformal space may be an inherently 4-dim theory. A similar result holds for biconformal gravity, where it has been shown that the field equations for a curved biconformal geometry reduce to general relativity on a 4-dim submanifold [39] . Understanding that 8-dim biconformal spaces describe 4-dim physics helps clarify the naturalness of our final result below. We turn now to curved biconformal spaces.
Yang-Mills and biconformal space
Now we reach our central result. Suppose we start with SU (2, 2|4) SUSY Yang-Mills theory on 4-dim Minkowski space. We have shown that we can write an equivalent field theory on biconformal space. However, the gauge group of this Yang-Mills theory is identical to the gauge group of biconformal supergravity [9] . This means that we can identify the Yang-Mills field strengths with the curvatures of the supergravity theory.
Consider the extension of the SUSY Yang-Mills theory to biconformal space. We consider only the bosonic sector for simplicity. Beginning with the 4-dim equations
where
We extend by defining,
or, more explicitly,
The important fact to notice is that these field strengths, defined on an 8-dim manifold, satisfy the same conformal structure equations as the 4-dim theory. This means that we can identify the potentials A B with the biconformal connection ω A , and the Yang-Mills curvatures F A with the biconformal curvatures Ω A . Since we have chosen a Yang-Mills type action, eq.(3.3), to describe the biconformal gravity theory, and used the metric-independent volume form, the field equations are also identical.
The only difference between the biconformally extended Yang-Mills equations and the biconformal gravity equations is that (before imposing the field equations) the biconformal curvatures are generic 2-forms in 8-dim, while the extended Yang-Mills field strengths take the particular form above. However, identifying the field strengths and curvatures is acceptable as an ansatz for a biconformal solution. Allowing for differences of homothetic gauge, g, conformal gauge, h, and coordinates, this ansatz takes the form:
Since the extended Yang-Mills equations are solved if the original 4-dim YangMills theory is satisfied, we have written a class of solutions to the biconformal field equations. It is eq.(6.5) that provides the equivalence between a 4-dim gauge theory on flat space and an 8-dim biconformal gravity theory. reduces to a gravity solution on a 4-dim submanifold of a biconformal space. This is a correspondence between a theory containing gravity and a gauge theory without it.
This relationship between flat and curved geometries is only possible because of the symplectic structure of biconformal spaces. It is this structure that allows us to write the action without introducing a metric, so that the resulting field equations are identical to the flat space N = 4 SUSY YangMills.
Conclusion
We have produced a new class of conformal supergravity models using the biconformal gauging of the superconformal group and a Yang-Mills type action. The resulting theory has a number of important properties.
1. Biconformal Yang-Mills gravity theories describe 4-dim, scale-invariant general relativity, despite the fact that they are formulated in 8-dim. The 8-dim biconformal space is a symplectic manifold arising directly from the conformal group of compactified 4-dim spacetime.
2. The systematic biconformal extension of a 4-dim Yang-Mills theory to an 8-dim biconformal space provides a new arena for analyzing the properties and behavior of pure Yang-Mills theories. The extension is obtained by extending the theory from a 4-dim (flat) manifold to its 8-dim co-tangent bundle (T * M), then requiring a conformal connection, ω Σ , on T * M to obtain a Yang-Mills theory on a biconformal space. Although the extension is non-trivial, it is readily invertible. After extension, the original theory may be re-obtained by setting the ycoordinates to zero. 4. While we can extend any Yang-Mills theory to biconformal space, this construction only induces a biconformal gravity solution when the symmetry group contains the conformal group. This is the case for simple, but non-compact O (4, 2) or SU (2, 2) Yang-Mills theories, but most importantly it is true for N = 4 SUSY Yang-Mills.
The fact that the biconformal space is a curved geometry, while the equivalent Yang-Mills system has Minkowski base manifold is made possible by the symplectic structure of biconformal spaces and their resulting dimensionless volume forms.
The field equations for the N = 4 SUSY Yang-Mills in 4-dim are completely determined by the potentials A Σ µ (x) and as a result, contain a total of 60 degrees of freedom. When it is possible to impose both Dirac and Coulomb type gauge conditions, there will remain 30 degrees of freedom, two for each potential. However, the torsion-free biconformal field equations are completely determined by the solder form, e a (x), which, subtracting 7 for the gauge choice, is a total of only nine degrees of freedom. As a result, there is vastly more freedom in the class of extended Yang-Mills solutions to biconformal gravity than in the torsion-free solutions. Moreover, the condition of vanishing torsion is not gauge invariant in the Yang-Mills theory (though it is in biconformal space). Allowing for homothetic (g) and coordinate freedom in the biconformal solutions, and the conformal symmetry of the Yang-Mills solution (h) in equating the fields gΩ A g −1 (u (x, y) , v (x, y)) = hF A h −1 (x, y) , we make the conjecture that all torsion-free solutions to the biconformal field equations can be identified with extended Yang-Mills theories. If this conjecture holds, then there is a 1-1 correspondence between solutions for torsion-free biconformal supergravity with a class of 4-dim SUSY Yang-Mills theories. While we have shown that all extended Yang-Mills solutions reduce to gravity on a 4-dim submanifold of biconformal space, further study is required to know if this set includes torsion free solutions.
Since the field equations obtained from the Yang-Mills gravity actions are linear in the curvatures, they do not lead to ghosts for the reasons that are standard in conformal gravity theories. In addition, the torsion-free solutions reduce to general relativity on a 4-dim submanifold, which is a ghost free theory. However, because the theory is formulated in a 8-dim symplectic space, the standard Fourier-transform techniques of ghost analysis do not apply. As a result, the existence of ghosts in generic biconformal supergravity is a topic for further study.
Due to the isomorphism between Yang-Mills and biconformal YM supergravity, the supergravity theories may inherit a number of important properties of 4-dim super Yang-Mills theories, including ultraviolet finiteness and an absence of ghosts. Indeed, the path integral quantization of the two classes of solution, despite the different dimensions of their base manifolds, must involve averaging over the same physical degrees of freedom of the connection. Therefore, we conjecture that the quantum theories agree.
Our demonstration of a gravity theory which is simultaneously a YangMills theory provides strong new evidence for the conjecture that certain string theories can be dual to non-gravitational gauge theories. Thus, our results are directly relevant to many areas of string and M-theory in which string theory is connected to low dimensional Yang-Mills and conformal supergravity theories.
8 Appendix: Biconformal extension of nonAbelian Yang-Mills theory
Here we consider the biconformal extension of a non-Abelian Yang-Mills theory. Suppose we have a gauge theory with Lie gauge group G, (group elements g, generators G A , structure constants c C AB ) in 4-dim Minkowski space, with potential, field strength and Bianchi identity,
In components, for any element of the Lie algebra, we have
With these fields, the standard Yang-Mills action with source We wish to extend this to biconformal space. As before, we construct the biconformal space from the co-tangent bundle with coordinates (x a , y b ) extended by 7-dim homothetic fibers. We may then define a biconformal connection on the full 15-dim bundle, However, if the Yang-Mills group is the superconformal group, SU (2, 2|4) , we instead identify the extended Yang-Mills potentials with the biconformal connection.
In either case, we define the extended Yang-Mills potential,
The potential remains a Lie algebra valued 1-form, and therefore satisfies the usual Maurer-Cartan structure equations. It follows that the field is given by 
In general, we may think of the extension from A to A as a change of connection, so that the difference is a tensor. The covariant derivative then will change by the addition of a tensorial term, and the curvature by the addition of the covariant derivative of the new tensor, plus the square of the new tensor. The calculation above confirms this.
The Bianchi identity also generalizes to
where the covariant derivative is given by
with
The field equations from the action written with the 8-dim fields
then take the form, 
As a result, the 8-dim field equations are satisfied if and only if the 4-dim equations hold.
